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FAMILIES OF DIFFERENTIAL OPERATORS FOR
OVERCONVERGENT HILBERT MODULAR FORMS
JON AYCOCK
Abstract. We construct differential operators for families of overconvergent Hilbert mod-
ular forms by interpolating the Gauss–Manin connection on strict neighborhoods of the
ordinary locus. This is related to work done by Harron and Xiao and by Andreatta and
Iovita in the case of modular forms and has applications in particular to p-adic L-functions
of CM fields.
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1. Introduction
1.1. Motivation. In [Ser72], Serre introduced the idea of using p-adic families of modular
forms to p-adically interpolate values of L-functions. In particular, he used the family of
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Eisenstein series
(1) 2G2k = ζ(1 − 2k) + 2
∞
∑
n=1
σ2k−1(n)q
n.
He showed that congruences between the coefficients of qn for n ≥ 1 for particular values
of k imply the existence of such a congruence between the constant terms ζ(1 − k) as well,
and used this to show that (an appropriate normalization of) the Riemann zeta function
is p-adically continuous when restricted to inputs of negative odd integers. This is one
construction of the Kubota–Leopoldt p-adic zeta function, which interpolates the values of
the Riemann zeta function at negative odd integers.
Serre was able to use a well-known family of modular forms whose values at the cusp
∞ are equal to special values of the L-function he wanted to interpolate. These can be
tricky to come up with – one important addition to the theory was Katz’s use of differential
operators, in particular the Gauss–Manin connection ∇, to create these families in [Kat78].
Katz’s operators give a p-adic analog of the Maass–Shimura operators which Shimura used
to prove algebraicity results in [Shi76] and [Shi00], and which were adapted by Harris to
prove algebraicity results for higher rank groups in [Har81] and [Har86].
Katz leveraged this idea to p-adically interpolate the zeta function for a CM field K
using Hilbert modular forms attached to its totally real subfield K+. He started with a
holomorphic Eisenstein series and used successive powers of these differential operators to
produce a family of not neccessarily holomorphic Eisenstein series. By Damerell’s formula,
the sums of the values of these Eisenstein series at the CM points of the modular curve
give the central values L(χ, s0) of the L-functions for a specific class of Hecke characters,
known as characters of type A0. Viewing the zeta function as a function on the space of
characters, this fact reduces the p-adic interpolation of ζK to the study of how powers of
the Gauss–Manin connection behave p-adically. Unfortunately, ∇ is only defined over the
ordinary locus, which does not contain the CM points that are supersingular at p. Thus his
method only works if the CM points are ordinary at p, which happens if and only if every
prime above p in the totally real field K+ splits in K/K+.
The present work extends ∇ to be defined on the overconvergent loci, using methods
inspired by those of [HX14] and using the geometry developed in [AIP15] and [AIP16]. This
extension allows Damerell’s formula to be used in more general situations, whenever the
Eisenstein series is defined at the CM points. This paper adds to the recent investigations
into extending p-adic differential operators past the ordinary locus, or into when the ordinary
locus is empty, including those in [dSG14], [dSG19], [EM20], [Urb14], [Liu19a], and [Liu19b].
In [HX14], the authors ask whether or not their construction can be adapted to avoid a
choice of the Hodge filtration. This work answers that question in the affirmative. Addi-
tionally, other works note that in order to use nearly overconvergent Hilbert modular forms
to interpolate the values of p-adic L-functions, a “canonical splitting of the Hodge filtra-
tion” must be chosen; see for example the introduction to [AI19] for this in the situation of
Damerell’s formula. Our methods translate this into a need for a canonical choice of frame
for the relative de Rham cohomology of the modular curve. Seeing as a canonical trivializa-
tion (i.e., a frame) for the modular sheaf ω must already be chosen in Serre’s setting, this
is a natural bit of data to consider.
This construction works for elliptic modular forms, and seems eminently generalizable
to be used for the automorphic forms on more groups, such as Siegel and Hilbert–Siegel
modular forms. The methods presented here also address an issue not present in the case
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of elliptic modular forms that is important for these generalizations. The author of the
present paper is currently working on a sequel extending his approach to the higher rank
setting, in particular Hilbert–Seigel modular forms.
1.2. Description of Results. The present work culminates in the following theorem,
which is Theorem 3.3.3 in the body of the paper:
Theorem 1.2.1. Fix a tuple v = (vi) with each vi > 0. For each embedding σ∶F →K, and
any k ≥ 1, there is a differential operator ∇kσ acting on families of nearly v-overconvergent
Hilbert modular forms, which raises the weight by 2kσ and the type by k. The operators ∇kσ
and ∇ℓτ commute for any pair of embeddings σ and τ .
These ∇kσ are the p-adic analogs of the Maass-Shimura operators in the Archimedean
case. The absence of these “overconvergent” operators in [Kat78] prevented Katz from
constructing p-adic L-functions for CM fields in the case that the CM points were not
ordinary; i.e., when p is not split in K/K+. The overconvergent operators for elliptic
modular forms have been previously constructed, and are used in [AI19] to construct p-
adic L-functions for quadratic imaginary fields; our construction lays the groundwork to
generalize that construction to a general CM field.
As in [AIP16], we are careful to make a distinction between two possible meanings of
the phrase “Hilbert modular form.” Given a totally real field F , the term may refer to the
automorphic forms on either of the following groups:
(2) G = ResOF /ZGL2, or G
∗ = G ×ResOF /Z Gm Gm.
For any commutative ring R, the R-points of G are simply the 2 × 2 invertible matrices
with entries in OF ⊗Z R, while the R-points of G∗ are those matrices from G(R) with
determinant in R× ⊂ (OF ⊗Z R)×. Each of these groups has an advantage: G has a nicer
Hecke theory including a commutative Hecke algebra; while G∗ allows us to use geometric
tools, since its Shimura variety is a scheme that represents a PEL-type moduli problem.
The inclusion G∗ ⊂ G gives a restriction map from the space of automorphic forms on G to
those on G∗, and in fact there is an explicit geometric criterion that picks out the space of
automorphic forms for G inside the space of automorphic forms for G∗. In the following,
we focus first on G∗ so that we may use the geometric tools it affords us, after which we
shift our attention to this criterion which allows us to transport our results to the group G.
We get the following theorem, Theorem 4.4.2 in the body of this paper, which allows these
operators to be used in either situation:
Theorem 1.2.2. The differential operators ∇kσ constructed in Theorem 1.2.1 preserve the
space of Hilbert modular forms for G inside the space of Hilbert modular forms for G∗.
In Section 2, we present the geometric construction of families of overconvergent Hilbert
modular forms on the group G∗ from [AIP16], before generalizing to nearly overconvergent
forms. Then in Section 3, we follow [HX14], using the interplay between connections on
vector bundles and connections on principal bundles to interpolate the Gauss–Manin con-
nection to families of nearly overconvergent modular forms of any family of p-adic weights.
In Section 4, we transport the results of the previous section to the group G using a criterion
similar to the one mentioned above.
Note that we consider the case where p ramifies in F /Q. Though this case is easily
ignored in the theory of Hilbert modular forms, the methods we use to do so will be crucial
for extending these results to higher rank groups.
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2. Overconvergent Hilbert Modular Forms
Fix a totally real field F of degree [F ∶ Q] = d > 1. In this section, we will build up the
geometric theory of Hilbert modular forms of level Γ1(N) as in [AIP16]. Here a Hilbert
modular form is an automorphic form on the group G∗.
2.1. Weights. Let K be a local field that splits F , so that F ⊗Q K = Kd; outside of this
section and the next, it should always be a p-adic field for some chosen prime p, but for
now and in other contexts it is allowed to be R. We consider the torus T = ResOF /ZGm.
The weight space of classical Hilbert modular forms is the space of characters of the split
torus T/K .
Each embedding σ∶F → K determines a character of T/K . Let I denote the set of such
embeddings. All algebraic weights (i.e., classical weights with no nebentypus at p, if K is a
p-adic field) are of the form ∑σ kσσ ∈ Z[I], often recorded as a tuple (kσ)σ.
Remark 2.1.1. Note that we use K in order to understand what all possible weights of
Hilbert modular forms are. We will consider Hilbert modular forms defined over rings
which are not K-algebras; not all weights may manifest, but we will keep them in mind
whenever we do so.
Now fix a prime p, and let K be a finite extension of Qp. Let Tˆ be the formal completion
of T along its unit section. The space of weights for overconvergent Hilbert modular forms is
the space of characters of Tˆ(Zp).1 For any value w ∈ v(OF ), Tˆ has two important subgroups.
The first, T0w, consists of units congruent to 1 modulo (p)w. The second, Tw, is generated
by T0w and Tˆ(Zp). Any character of Tˆ(Zp), when restricted to T0w(Zp) for w large enough,
extends to a character of T0w. When a character does this, it is called w-analytic. It can
also be viewed as a character of Tw, and it factors uniquely as a product of a finite order
character and a character ∑σ kσσ ∈ Zp[I].
Now let R be a p-adically complete and separated ring with spfR = U its associated
formal scheme. Any character χR∶ Tˆ(Zp) → R× may be viewed as a family of characters
parametrized by the set of “formal points” of U, Hom(spfOCp ,U). The weight at the
formal point γ is γ∗χR∶ Tˆ(Zp)→ R× →O×Cp .
2.2. Classical Hilbert Modular Forms. Let c be an ideal of F , p a prime number, and
fix N ≥ 5 prime to p. A c-polarized Hilbert–Blumenthal abelian variety (HBAV, we suppress
c from the notation) defined over a base scheme S is a string (A, ι,ψ,λ) where
● A→ S is an abelian variety of relative dimension d,
● ι∶OF → End(A) is a real multiplication on A,
● ψ∶µN ⊗Z D−1F → A is a closed embedding, and
● λ∶A⊗OF c→ A
∨ is a c-polarization.
1These are characters in the category of formal group schemes. In particular, they are maps to Gˆm, the
formal completion of Gm along its unit section.
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Let X → S be a projective toroidal compactification of the moduli space of HBAVs over
S, and π∶A → X be the universal HBAV over X. The modular sheaf is ω = π∗Ω1A/X . This
is locally free of rank 1 as a sheaf of OF ⊗Z OX modules.
Over K, the bundle ω decomposes as a direct sum ω =⊕σ ωσ, so that n ∈ OF acts on ωσ
as σ(n) ∈ K. For a tuple of positive integers (kσ)σ ∈ Z≥1[I], we can form the line bundle
ω⊗(kσ)σ ∶= ω
⊗kσ1
σ1 ⊗OX ⋅ ⋅ ⋅ ⊗OX ω
⊗kσd
σd , whose sections are the Hilbert modular forms of weight(kσ)σ and level Γ1(N). ω(kσ)σ arises as a summand of the symmetric power SymkOX ω,
where k =∑σ kσ.
We remark that πT× ∶T
× → X, the OF -frame bundle of ω,2 is a T-torsor. This means that
the ring of functions of T ×/K is graded by the characters of T/K , or rather by the algebraic
weights of Hilbert modular forms. The graded portion corresponding to the weight (kσ)σ is
ω⊗(kσ)σ , and we find that the ring of Hilbert modular forms is ⊕(kσ)σ ω
⊗(kσ)σ = πT×,∗OT× .
This observation will inform how we interpolate in the next sections.
Each line bundle ω⊗(kσ)σ can be recovered from OT× by considering the homogeneous
functions of character ∑kσσ, with the property that for any n ∈ T, any HBAV A, and any
frame ω ∈ ω,
(3) (n ⋅ f)(A,ω) = f(A,n−1ω) = (∏σ(n)kσ) f(A,ω).
Finally, we transport these definitions to formal geometry. Let X be the formal completion
of X/Zp along its special fiber, and Tˆ the formal completion of T along its unit section. The
formal completion πT× ∶T
× → X of T ×/Zp → X/Zp along its special fiber is a formal torsor for
Tˆ. It is the OF frame bundle of an OF ⊗OX-module, locally free of rank 1, which we will
denote F → X. The bundle F is described in a different way in proposition 3.4 of [AIP16]
and in proposition 4.3.1 of [AIP15]. Note that if p does not ramify in F /Q, then F = ω.
2.3. p-adic Hilbert Modular Forms. The ordinary locus Xord ⊂ X classifies HBAVs
which are ordinary at p. Over Xord, we have the canonical subgroup of infinite level C∞ →
Xord. It is locally isomorphic to µp∞ ⊗D−1F .
Let I∞ = IsomXord(C∞, µp∞ ⊗ D−1F ) be the space of trivializations of C∞. I∞ → Xord is
a formal Tˆ(Zp)-torsor, so its ring of global functions is graded by the characters of Tˆ(Zp);
i.e., it is graded by the weights of overconvergent Hilbert modular forms. The functions on
I∞ which are homogeneous of character χ are the p-adic Hilbert modular forms of weight
χ; they can be recovered from the sections of a line bundle ωχ → Xord.
The Hodge–Tate map HT ∶CD∞ → F allows us to view classical Hilbert modular forms as
p-adic Hilbert modular forms: any trivialization u picks out a generator uD(1) of CD∞, and
HT (uD(1)) will be an OF -frame of F , which we can plug in to a classical Hilbert modular
form.
We may consider families of p-adic Hilbert modular forms parametrized by a formal
scheme U by looking at the functions on the formal torsor I∞ × U → Xord × U; pulling back
by the inclusion of a formal point γ∶ spfOCp → U specializes to the p-adic Hilbert modular
form of weight γ∗χR.
2.4. Overconvergent Hilbert Modular Forms. Overconvergent Hilbert modular forms
live in between p-adic and classical Hilbert modular forms. For each of the g primes p of
F lying over p, we have a Hodge height Hdgp which measures how supersingular a HBAV
2i.e., the frame bundle of ω as a locally free OF ⊗Z OX -module. We will continue to use this expression.
6 JON AYCOCK
is, with Hdgp(A) ∈ Q ∩ [0,1].3 A is ordinary at p if and only if Hdgp(A) = 0 for all p lying
over p. For any v = (v1, . . . , vg), we construct the v-overconvergent locus X(v), which is a
normal formal scheme that classifies HBAVs A with Hdgpi(A) < vi for all i, as in [AIP16].
Pick a tuple v such that vi < 1pn for all i. Over X(v), we have a canonical subgroup of
finite level Cn → X(v). It is locally isomorphic to µpn ⊗D−1F .
Let In = IsomX(v)(Cn, µpn⊗D−1F ) be the space of trivializations of Cn. We have a “Hodge–
Tate modulo pn” map, HTn∶C
D
n → F/pnF . Let evD1 ∶In → CDn denote the map sending u to
uD(1). The formal torsor F×n is given by a fiber product in the category of formal schemes
over X(v):
(4)
F×n T
×
In C
D
n F/pnF
ιn
(mod pn)
evD1 HTn
prn∶F
×
n → X(v) is a formal torsor for the group Tn. The formal R-points γ ∈ Hom(spfR,F×n)
classify tuples (A/R, u,ω), where A/R is a HBAV over R with small enough Hodge heights, u
is a trivialization of its level pn canonical subgroup, and ω ∈ F is a nonvanishing differential,
satisfying (HTn ○ uD)(1) ≡ ω (mod pn). It is an open subtorsor of T× by the map ιn. We
will write F×n(v) when we want to specify that the base is X(v).
The ring of global functions OF×n(v) is a graded ring, graded by the characters of Tn; i.e., it
is graded by the n-analytic weights of overconvergent Hilbert modular forms. The functions
on F×n(v) which are homogeneous of character χ are the v-overconvergent Hilbert modular
forms of weight χ; they can be recovered from the sections of a line bundle ωχ → X(v).
An overconvergent Hilbert modular form of weight χ is a v-overconvergent Hilbert mod-
ular form of weight χ for some v with each vi > 0. For a chosen character χ, one must
pick n large enough so that χ is n-analytic, and v with each vi < 1pn , before there are any
v-overconvergent Hilbert modular forms of weight χ. In fact, c.f. [AIP15] Section 5.2.4,
there may be overconvergent modular forms of n-analytic weight which do not manifest as
functions on F×n, but only on F
×
m for m≫ n. This is an important consideration, but it will
not be an issue in the scope of this paper.
We may consider families of overconvergent Hilbert modular forms parametrized by a
formal scheme U by looking at the functions on the formal torsor F×n×U→ X(v)×U; pulling
back by the inclusion of a formal point γ∶ spfOCp → U specializes to the overconvergent
Hilbert modular form of weight γ∗χR.
Remark 2.4.1. Note that we have named the overconvergent sheaf ωχ even though it is built
from F , not ω. In general, ω⊗(kσ)σ will be the line bundle which is the a tensor product
of some copies of the ωσ’s, while ω
(kσ)σ will be the line bundle whose sections are Hilbert
modular forms of weight (kσ)σ .4 In the algebraic setting, or p-adically when p does not
ramify in F /Q, these are the same, though they are not the same in general.
3We are using A as a shorthand for the entire string (A, ι,ψ,λ), but in fact the Hodge height only depends
on the substring (A, ι).
4In particular, ωk = ω(k)σ is ωχ for χ = NmkF /Q.
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2.5. Nearly Algebraic Hilbert Modular Forms. We denote the relative de Rham co-
homology of X by H ∶= R1π∗(Ω●A/X). The bundle H →X is a locally free OF ⊗OX module
of rank 2. It fits into the exact sequence known as the Hodge filtration,
(5) 0→ ω →H → ω∨ → 0.
Let (kσ)σ ∈ Z≥1[I] be an algebraic weight, and r ≤ minσ{kσ2 }. The nearly algebraic
Hilbert modular forms of weight (kσ)σ and type r are the sections of the vector bundle
ω⊗(kσ−r)σ ⊗ SymrOX H. A splitting of the Hodge filtration allows us to write H = ω ⊕ ω
∨,
which fixes an isomorphism
(6) ω⊗(kσ−r)σ ⊗ SymrOX H ≅ ⊕
(rσ)σ
ω⊗(kσ−2rσ)σ .
Here the sum is over tuples (rσ)σ ∈ Z≥0[I] with ∑σ rσ ≤ r.
The OF -frame bundle of H is a torsor for ResOF /ZGL2. The Hodge filtration picks out a
natural subtorsor for the subgroup of upper triangular matrices BF = ResOF /ZB consisting
of frames (ω1, ω2) with ω1 ∈ ω. Call this space N . A nearly algebraic Hilbert modular form
of weight (kσ)σ and type r can be recast as a sum of functions on N , f = ∑(rσ)σ f(rσ)σ ,
where the sum is over tuples (rσ)σ ∈ Z≥0[I] with ∑σ rσ ≤ r, with each piece satisfying a
homogeneity property; if we write
(7) γ = (a b
0 d
)↦ κ(kσ ,rσ)σ(γ) =∏
σ
σ(a)kσ−rσσ(d)rσ ,
then we have
(8) (γ ⋅ f(rσ)σ)(A,ω1, ω2) = f(rσ)σ(A,γ−1(ω1, ω2)) = κ(kσ ,rσ)σ(γ)f(rσ)σ(A,ω1, ω2).
The space of nearly algebraic Hilbert modular forms of weight (kσ)σ and type r is the sum
of spaces of functions on N which are homogeneous of character κ(kσ ,rσ)σ . Write ω
(kσ ,rσ)σ
for the space of functions on N which are homogeneous of character κ(kσ ,rσ)σ ; the space of
nearly algebraic Hilbert modular forms of weight (kσ)σ and type r is the space of sections
of the vector bundle
(9) ω(kσ)σ ,r = ⊕
(rσ)σ
ω(kσ ,rσ)σ .
The sum is over tuples (rσ)σ ∈ Z≥0[I] with ∑σ rσ ≤ r.
2.6. Nearly Overconvergent Hilbert Modular Forms. Consider again the OF -frame
bundle of H. Its formal completion is a formal torsor for the completion of ResOF /ZGL2
along its unit section, and is thus the frame bundle of some locally free OF ⊗ZOX-module;
we call it H. It fits into an analagous “formal Hodge filtration,”
(10) 0→ F → H→ F∨ → 0.
Pick a tuple v = (vi), and let N be the fiber of the formal completion of N → X over
X(v). N → X(v) is a formal torsor for the completion B̂F of BF along its unit section.
The formal R-points of N, γ ∈ Hom(spfR,N), classify tuples (A/R, ω1, ω2) where A/R is a
HBAV over R and (ω1, ω2) is frame of H with ω1 ∈ F .
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Now let each vi < 1pn . We construct an open subtorsor Npn → X(v) of N using the fiber
product diagram in the category of formal schemes over X(v):
(11)
Npn N
In C
D
n F/pnF
in
ω1 (mod pn)
evD1 HTn
prn∶Npn → X(v) is a formal torsor for the group BFn , with
(12) BFn (R) = {(a b0 d) ∈ B̂F ∣ a ∈ Tn} .
The formal R-points γ ∈ Hom(spfR,Npn) classify tuples (A/R, u,ω1, ω2), where A/R is a
HBAV over R with small enough Hodge heights, u is a trivialization of its level pn canonical
subgroup, and (ω1, ω2) is an OF -frame for H with ω1 ∈ F satisfying (HTn ○ uD)(1) ≡ ω1(mod pn). It is an open subtorsor of N by the map in. We will write N(v) when we want
to specify that the base is X(v).
Let χ be an n-analytic weight. A nearly overconvergent Hilbert modular form of weight
χ and type r is a sum f = ∑(rσ)σ f(rσ)σ , where the sum is over tuples (rσ)σ ∈ Z≥0[I] with
∑σ rσ ≤ r, with each piece satisfying the homogeneity property; if we write
(13) γ = (a b
0 d
)↦ κχ,(rσ)σ(γ) = χ(a)∏
σ
σ(a)−rσσ(d)rσ ,
then we have
(14) (γ ⋅ f(rσ)σ)(A,ω1, ω2) = f(rσ)σ(A,γ−1(ω1, ω2)) = κχ,(rσ)σ(γ)f(rσ)σ(A,ω1, ω2).
The space of nearly v-overconvergent Hilbert modular forms of weight χ and type r is the
sum of spaces of functions on Npn(v) which are homogeneous of character κχ,(rσ)σ ; a nearly
overconvergent Hilbert modular form of weight χ and type r is a nearly v-overconvergent
Hilbert modular form of weight χ and type r for some v with each vi > 0. Write ω
κχ(rσ)σ for
the space of functions on Npn(v) which are homogeneous of character κχ,(rσ)σ ; the space
of nearly v-overconvergent Hilbert modular forms of weight χ and type r is the space of
sections of the vector bundle
(15) ωχ,r = ⊕
(rσ)σ
ωκχ,(rσ)σ .
The sum is over tuples (rσ)σ ∈ Z≥0[I] with ∑σ rσ ≤ r. For all nearly overconvergent
Hilbert modular forms of weight χ and type r, we take the union of these spaces over all v
with each vi > 0, and as noted previously, over all n≫ 0.
We may consider families of nearly overconvergent Hilbert modular forms parametrized
by a formal scheme U by looking at the functions on the formal torsor Npn ×U→ X(v) ×U;
pulling back by the inclusion of a formal point γ∶ spfOCp → U specializes to the nearly
overconvergent Hilbert modular form of weight γ∗χR.
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3. The Gauss–Manin Connection
3.1. Background. We have a Gauss–Manin connection ∇∶H → H ⊗ Ω1X attached to the
universal HBAV A →X.5 It gives rise to the Kodaira-Spencer isomorphism; in the following,
all tensor products are over OX .
(16) ω ⊗ ω
Id⊗ι
ÐÐ→ ω ⊗H
Id⊗∇
ÐÐÐ→ ω ⊗H ⊗Ω1X
Id⊗pr⊗ Id
ÐÐÐÐÐÐ→ ω ⊗ ω∨ ⊗Ω1X → Ω
1
X .
In particular, Ω1X has a summand isomorphic to ω
⊗2
σ = Sym
2
OX
ωσ. Studying the last
arrow shows that the morphism factors through the quotient ω⊗OF⊗OX ω; the induced map
ω ⊗OF⊗OX ω → Ω
1
X is an isomorphism.
The Leibniz rule extends ∇ to be defined on any symmetric power SymkOX H. We define
the first order differential operator ∇σ to be the composite
(17) SymkOX H
∇
Ð→ SymkOX H⊗OX Ω
1 Id⊗prσÐÐÐÐ→ SymkOX H ⊗OX ω
⊗2
σ
“multiply”
ÐÐÐÐÐÐ→ Symk+2OX H.
It is defined over K.
Recall the discussion of the Hodge filtration from Section 2.5, including the definition of
the weight and type of a nearly algebraic Hilbert modular form. By applying the Leibniz
rule carefully, we find that ∇σ raises the weight of a nearly algebraic modular form by 2σ,
and raises its type by 1.6
3.2. Restricting the Connection. The Leibniz rule allowed us to use ∇ to define a
connection ∇k on every symmetric power SymkH. We can also define connections ∇−k
on the symmetric powers of its dual SymkH∨ =∶ Sym−kH. Collecting these, we acquire a
connection on its frame bundle,
(18)
∇ ∶ OFramesOF H → OFramesOF H ⊗ Ω
1
X
⊕
k∈Z
∇
k
∶ ⊕
k∈Z
SymkH → ⊕
k∈Z
SymkH ⊗ Ω1X
The data of a connection on H is the same as the data of a connection on its frame
bundle. In fact, the data of a connection on any vector bundle is the same as the data of
a connection on its frame bundle. The following lemma allows us to leverage this fact to
interpolate connections.
Lemma 3.2.1. Let prE ∶E → B be a torsor for some group G, and prE′ ∶E
′ → B′ be a
subtorsor of E for a subgroup G′ ⊂ G. Let i∶E′ → E denote the inclusion. Then, if E′ is
open in E, any connection on E can be restricted to a connection on E′.
Proof. A connection on E is equivalent to a G-equivariant map ∂˜∶Ω1E → pr
∗
E Ω
1
B which splits
the natural exact sequence
(19) 0→ pr∗E Ω
1
B → Ω
1
E → Ω
1
G → 0.
5Because [F ∶ Q] = d > 1, we do not have to worry about logarithmic poles by the Koecher principle.
6For this to be true, it is important that the restrictions kσ ≥ 1 and r ≤
kσ
2
for all σ hold.
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We can pull back via the inclusion i∶E′ → E to get a morphism of short exact sequences
(20)
0 i∗ pr∗E Ω
1
B i
∗Ω1E i
∗Ω1G 0
0 pr∗E′ Ω
1
B′ Ω
1
E′ Ω
1
G′ 0
φ ψ
i∗∂˜
If E′ is open in E, the vertical maps φ and ψ are isomorphisms. Thus we get a splitting
of the lower sequence ∂˜′ = φ ○ i∗∂˜ ○ ψ−1. It is G′ equivariant because G′ ⊂ G. 
To check that E′ is open in E, it is enough to check that B′ is open in B and G′ is open
in G. Notably, N is not open in the OF -frame bundle of H, since the group B̂F is not open
in ResOF /ZGL2. Further, the functions on N that we consider cannot be extended to a
neighborhood of N . Even though the lemma does not immediately apply in this case, the
passage to formal geometry, as well as the specific groups involved, will allow us to use it
anyway.
3.3. Interpolation. The first step to interpolation is formally completing the connection
defined in equation 18, acquiring a connection on the formal frame bundle OFramesOF H.
(21)
∇ ∶ OFramesOF H → OFramesOF H ⊗ Ω
1
X
⊕̂
k
∇
k
∶ ⊕̂
k
Symk H → ⊕̂
k
Symk H ⊗ ω2
This gives us an analog of the Kodaira-Spencer isomorphism from equation 16,
(22) F ⊗F
Id⊗ι
ÐÐ→ F ⊗H
Id⊗∇
ÐÐÐ→ F ⊗H⊗Ω1X
Id⊗pr⊗ Id
ÐÐÐÐÐÐ→ F ⊗F∨ ⊗Ω1X → Ω
1
X.
The following proposition allows us to use lemma 3.2.1 for the inclusion N→ FramesOF H,
even though N is not open in the frame bundle.
Proposition 3.3.1. Let ∇ be a connection on a formal G-torsor E → B defined over a
p-adically complete and separated ring R = lim←ÐR/(pn), and i∶E′ → E be the inclusion of a
formal G′-torsor E′ → B′. Assume that E′ and B′ are both complete and separated, and
that ∇ commutes with base change. Further assume that after base change to any R/(pn),
we have that G′/R/(pn) is an open subgroup of G/R/(pn). Then ∇ restricts to a connection on
E′.
Proof. Since G′ is open in G after base change to R/(pn), we may use lemma 3.2.1 to obtain
the collection of connections modulo pn,
(23) ∇pn ∶OE′/(pn)→OE′/(pn)⊗Ω1B′ .
Because ∇ commutes with base change, we have that ∇pn ≡ ∇pm (mod pn) whenever m ≥ n,
so that the collection (∇pn)n gives a compatible system of maps to lim←ÐOE′/(pn) ⊗ Ω1B′ =
OE′ ⊗Ω1B′ . Since each ∇pn is a connection, the induced map ∇
′
∶OE′ →OE′ ⊗Ω1B′ will be a
connection as well. 
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This proposition applies to the inclusion N→ FramesOF H; ∇ commutes with base change
because it arose algebraically, and ResOF /ZGL2 is discrete when base changed to Z/(pn),
so any subgroup is open. Thus we get a restricted connection ∇ on N, which acts on any
nearly overconvergent Hilbert modular form whose weight is an honest character of Tˆ.
Lemma 3.2.1 applies to the open inclusion Npn → N, extending ∇ to be defined on any
overconvergent Hilbert modular form of n-analytic weight.
Base change to OK and specialize to the rigid analytic fiber. We define
(24) ∇σ ∶ONpn
∇
Ð→ONpn ⊗OX(v) Ω
1
X
Id⊗prσÐÐÐÐ→ONpn ⊗OX(v) ω
2
σ
“multiply”
ÐÐÐÐÐÐ→ONpn .
This ∇σ is a differential operator which acts on nearly overconvergent Hilbert modular
forms of any type with n-analytic weight; it is defined over K.
Remark 3.3.2. We may not need to move to the rigid analytic fiber in the construction
above. We do this in order to obtain the projection prσ ∶ω → ωσ. It is not neccessary e.g.
if p does not ramify in F /Q. If we do not base change to K, ∇σ may be defined over a
subring of K.
For an explicit example of this, consider the case when p does not ramify in F /Q. Then
the direct sum decomposition ω = ⊕ωσ, manifests over OK , and so we do not need to
specialize to the rigid analytic fiber. Here we get a formal ∇σ defined over OK .
Note that ∇σ raises the weight of a nearly overconvergent Hilbert modular form by 2σ,
and its type by 1. It extends to the torsor Npn ×U→ X(v) ×U (or possibly just to its rigid
analytic fiber, e.g. if p ramifies in F /Q), so ∇σ acts on families of nearly overconvergent
Hilbert modular forms as well; it raises the weight of each element of the family by 2σ.
Composing these operators is important. We note that our ∇σ agrees with the D(σ)
used by Katz in [Kat78] when restricted to the ordinary locus; the algebraic operators they
come from are identical. Katz used a complex analytic proof (c.f. [Kat78], Lemma 2.1.14) to
show that these algebraic operators, defined here in Equation 17, commute.7 This remains
true after completion, so our overconvergent operators ∇σ and ∇τ commute for any two
embeddings σ and τ . We have established our theorem.
Theorem 3.3.3. Fix a tuple v = (vi) with each vi > 0. For each embedding σ∶F →K, and
any k ≥ 1, there is a differential operator ∇kσ acting on families of nearly v-overconvergent
Hilbert modular forms, which raises the weight by 2kσ and the type by k. The operators ∇kσ
and ∇ℓτ commute for any pair of embeddings σ and τ .
4. Descent
4.1. Two Groups. The phrase “Hilbert modular form” is ambiguous in that it can refer
to the space of automorphic forms on one of two groups. The group G = ResOF /ZGL2 is
one. For any commutative ring R, its R-points are G(R) = GL2(OF ⊗Z R). Determinants
of such matrices live in T = ResOF /ZGm. Recall that over K, T is a split torus; its diagonal
subgroup is isomorphic to Gm. The second group, denoted G
∗, is defined as the fiber
product G∗ = G ×T Gm. It is a subgroup of G, with R-points G(R) = {g ∈ G(R) ∣ det(g) ∈
1⊗R× ⊂ (OF ⊗R)×}.
Each group has its advantages. The Hecke theory for G is canonical, while the theory for
G∗ is not, producing a non-commutative Hecke algebra. On the other hand, while both are
7The proof establishes each ∇σ as the partial derivative with respect to the coordinate zσ on the symmetric
space hI , and concludes that they commute because partial derivatives commute complex analytically.
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the groups of interest in a PEL type moduli problem, only the moduli problem associated
to G∗ is actually representable by a scheme. This is exactly the reason why the previous
sections were only concerned with the automorphic forms on G∗.
Since G∗ is a subgroup of G, we may restrict the automorphic forms on G to the group
G∗, viewing them as automorphic forms on the latter group. As in [AIP16], we record the
geometric condition that distinguishes these restricted forms from other automorphic forms
on G∗.
Let f be an automorphic form on G∗ of weight ν2 ⋅ NmwF /Q. It can be extended to an
automorphic form on G if, for all ǫ ∈O×,+
F
, we have
(25) f(A, ι,ψ, ǫλ,ω) = ν(ǫ)f(A, ι,ψ,λ,ω).
We will avoid using this criterion. It is included to stress the fact that whether or not an
automorphic form on G∗ extends to G can be detected geometrically. We will opt instead to
use a criterion involving the symmetric space. This will be enough, as Proposition 4.4.1 can
be stated in terms of classical Hilbert modular forms and easily transported to the space of
overconvergent ones.
4.2. Weights. In Section 2.1, we introduced the weight space for overconvergent modular
forms on G∗; here we continue with the weight space for G, including the weight of a
restricted modular form.
The space of algebraic weights for G is {characters of T/K}×Z, with a map to the algebraic
weights for G∗ given by ρ∶ (ν,w) ↦ 2ν +wNmF /Q. In particular, if (ν,w) is a weight for G,
ρ(ν,w)(t) = ν(t)2 ⋅ (NmF /Q(t))w for any t ∈ T(Zp). If we have a modular form of weight(ν,w) on G, its restriction to G∗ will have weight ρ(ν,w).
The space of p-adic weights for G is {characters of T(Zp)} × Zp. The map ρ sending a
p-adic weight for G to a p-adic weight for G∗ uses the same formula as above.
4.3. Descent of Modular Forms. We can quantify the difference between automorphic
forms on G∗ and automorphic forms on G using the ade`lic viewpoint. Let K+∞ be a maximal
compact subgroup of the connected component of the identity G(R)+ in G(R), and K∗∞
the same for G∗(R). Let K0(N) and K∗0 (N) be the natural choices of compact open
subsets of the finite ade`les, consisting of matrices which are upper triangular modulo N .
The inclusion G∗ → G induces a map on the symmetric spaces G∗(R)+/K∗∞Z(G∗(R)) →
G(R)+/K+∞Z(G(R)) which ends up being a bijection. Thus automorphic forms on G and
automorphic forms on G∗ are functions on the same space. The only difference comes from
the congruence subgroups
(26)
Γ∗0(N) = G∗(Q) ∩K∗0 (N) = {(a bc d) ∈ SL2(OF ) ∣ c ≡ 0 (mod N)} ,
ΓG0 (N) = G(Q) ∩K0(N) = {(a bc d) ∈ GL+2(OF ) ∣ c ≡ 0 (mod N)} .
For any ǫ ∈ O×,+
F
, let gǫ = (ǫ 00 1). Equation 25 is simply a translation of the fact that
gǫ ∈ ΓG0 (N), while gǫ /∈ Γ∗0(N). In a strict sense, this is the only discrepancy, as Γ∗0(N) and
these matrices gǫ together generate Γ
G
0 (N).
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Define an action of O×,+
F
on the space of automorphic forms on G∗ of weight ρ(ν,w) to
be
(27) ǫ ⋅ f = f ∣gǫ.
The discussion above implies that f is a modular form for G if and only if O×F acts on f
via its nebentypus.
4.4. Descent of the Connection. At the moment, the differential operators ∇σ are de-
fined as maps that send Hilbert modular forms on G∗ to Hilbert modular forms on G∗. A
priori, if f is a nearly overconvergent Hilbert modular form for G, ∇σf is only a nearly
overconvergent Hilbert modular form for G∗. We will argue that it extends to G.
Assume that the action of O×,+
F
defined in equation 27 commutes with the Gauss–Manin
connection ∇∶H →H ⊗Ω1X . If this is true, we will get:
● the connections ∇k ∶SymkH → SymkH⊗Ω1X which are constructed using the product
rule will also commute with the action of O×,+
F
,
● the connection ∇∶OFramesOF H → OFramesOF H ⊗Ω
1
X which collects the ∇
k above will
also commute with the action of O×,+F ,
● the connection ∇∶OFramesOF H → OFramesOF H⊗Ω
1
X which is the formal completion of
∇ above will also commute with the action of O×,+F ,
● the connection ∇∶ON → ON ⊗ Ω1X which is constructed by restricting ∇ above, as
well as ∇∶ONpn → ONpn ⊗ Ω
1
X which is constructed by restricting that connection,
will also commute with the action of O×,+
F
, and
● the differential operators ∇σ, for which we have ∇ =⊕σ∇σ, will also commute with
the action of O×,+
F
.
Recall that f extends to G if and only if O×,+F acts on f via its nebentypus. Thus, under
the assumption above, ∇σf extends to G if and only if f does. We are left to prove the
following.
Proposition 4.4.1. The action of O×,+
F
defined in equation 27 commutes with the Gauss–
Manin connection ∇∶H → H⊗Ω1X .
Proof. This is classical, and seen e.g. as a special case of Proposition 12.10(2) in [Shi00].
For another proof, we note that the slash operator is defined in such a way that it
commutes with the exterior derivative d defined for differential forms. Since ∇ arises as
a differential in the spectral sequence associated to a filtered de Rham complex whose
differentials are this d, it commutes with the slash operator as well. 
We have the following:
Theorem 4.4.2. The differential operators ∇kσ constructed in Theorem 3.3.3 preserve the
space of Hilbert modular forms for G inside the space of Hilbert modular forms for G∗.
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